MOTIVIC EXPONENTIAL INTEGRALS AND A MOTIVIC 
THOM-SEBASTIANI THEOREM 
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1. Introduction 

1.1. Let / and /' be germs of analytic functions on smooth complex analytic 
varieties X and X' and consider the function / © /' on X x X' given by / © 
f'(x,x') = f(x) + f'(x'). The Thom-Sebastiani Theorem classically states that 
the monodromy of / © /' on the nearby cycles is isomorphic to the product 
of the monodromy of / and the monodromy of /' (in the original form of the 
Theorem |0| the functions were assumed to have isolated singularities). It is 
now a common idea that the Thom-Sebastiani Theorem is best understood by 
using Fourier transformation and exponential integrals because of the formula 

(1.1) J exp(t(/ © /')) = J exp(f/) • J exp(tf ). 

Indeed, by using asymptotic expansions of such integrals for t — > oo, A. Varchenko 
proved a Thom-Sebastiani Theorem for the Hodge spectrum in the isolated sin- 
gularity case |TD| (see also P"3| ) and the general case has been announced by M. 



Saito 0, p|. 



The aim of the present paper is to give a motivic meaning to equation ( |Llp and 
to deduce a motivic Thom-Sebastiani Theorem. To explain our approach, we 
will begin by reviewing some known results on p-adic exponential integrals. 

1.2. Let K be a finite extension of Q p . Let us denote by R the valuation ring of 
K, by P the maximal ideal of R, and by k the residue field of K. The cardinality 
of k will be denoted by q, so k ~ F q . For z in K, ordz G Z U {+00} denotes the 
valuation of z, \z\ = q-° rdz y and ac(z) = zn~ ordz , where tt is a fixed uniformizing 
parameter for R. 

Let / G R[x\, . . . ,x m ] be a non constant polynomial. Let $ : R m — > C be a 
locally constant function with compact support. Let a be a character of R x , i.e. 
a morphism R x — > C x with finite image. For % in N, set 



■Z*,/,i(°0 = / $(x)a(acf(x))\dx\ 

J{x£R m I ord/(x)=j} 
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where \dx\ denotes the Haar measure on K m , normalized so that R m is of measure 
1. 

We denote by \l/ the standard additive character on K, defined by 

z i — > V(z) = exp(2i7rTi K/Clp z). 
For i in N, we consider the exponential integral 

E* tU = [ <^(x)^(7i-^f(x))\dx\. 



a). 



J Rm 

Let a be a character of R x . The conductor of a, c(a), is defined as the smallest 
c > 1 such that a is trivial on 1 + P c , and one associates to a the Gauss sum 

g (a) = q l ~ c{a) J2 a(v)^(v/rr c{a) ). 

v£{R/P c ( a )) x 

Proposition 1.2.1. (See § 1 of .) For any i in N ; 

E<s>j,i = / ${x)\dx\ + {q- l)" 1 ^fi'(a~ 1 )Z <I)>/i i_ c(a)+1 i 

J{x€R m \ordf(x)>i} Q 

Here i — c(a) + l > 0. 1 J 'moreover the critical locus of f in Supp $ is contained in 
/ _1 (0), then, for all except a finite number of characters a, the integrals Z$jj(a) 
are zero for all j . 

Corollary 1.2.2. (Using Theorem 3.3 of ^.) Assume that $ is residual, i.e. 
that Supp $ is contained in R m and that <3>(x) depends only on x modulo P, and 
that the critical locus of f in Supp $ is contained in / _1 (0). Assume furthermore 
that the divisor f = has good reduction (in the sense that the conditions in 
Theorem 3.3 of |§ are satisfied). Then 



E*, f ,i = [ ${x)\dx\ +{q- I)' 1 

J{x£R, m | ord/(z)>i} Q 

c(a) = l 



a . 



So we see that p-adic exponential integrals may be expressed as linear combina- 
tions of p-adic integrals involving multiplicative characters with Gauss sums as 
coefficients. 

When k is a field of characteristic 0, there is a /c((t))-analogue of p-adic inte- 
gration, motivic integration, introduced by M. Kontsevich. In particular, it is 
possible by the results of and || to define motivic analogues of the p-adic 
integrals Z^j^a) in 1.2.2| as elements of a Grothendieck group of Chow motives. 



Since in this analogy the /c((t))-case always has good reduction, it becomes quite 
natural to use equality |1.2.2j as a candidate for the definition of motivic exponen- 
tial integrals and this is indeed what we do in this paper. To achieve this aim, we 
enlarge slightly our virtual motives by attaching virtual motives to Gauss sums 
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in a way very similar to Anderson's construction of ulterior motives Jl|. But 
now equation ( |1 . 1|) is no longer trivial, and the main result of the paper is that it 



still holds true for our motivic exponential integrals (Theorem |4 . 2 .4| ). We deduce 



from this result a motivic analogue of the Thom-Sebastiani Theorem (Theorem 



5.2. 2| ) . Passing to Hodge realization, this gives a proof of the Thom-Sebastiani 



Theorem for the Hodge spectrum (Corollary |6.2.4| ) 

2. Adding ulterior motives to the Grothendieck group 

2.1. We fix a base field k, which we assume throughout the paper to be of 
characteristic zero, and we denote by Vk the category of smooth and projective 
/c-schemes. For an object X in Vk and an integer d, we denote by A d (X) the Chow 
group of codimension d cycles with rational coefficients modulo rational equiv- 
alence. Objects of the category hA k of (rational) k- motives are triples (X,p,n) 
where X is in Vk, P is an idempotent (i.e. p 2 = p) in the ring of correspondences 
Corr°(X, X) (= A d (X x X) when X is of pure dimension d), and n is an integer. 
If (X, p, n) and (Y, q, m) are motives, then 

HoniM fc ((X, p, n), (Y, q, m)) = q Corr m -"(X, Y) p. 

Composition of morphisms is given by composition of correspondences. The 
category M. k is additive, Q-linear, and pseudo-abelian, and there is a natural 
tensor product on A^t. We denote by h the functor h : V k — > M. k which sends 
an object X to h(X) = (X, id, 0) and a morphism / : Y — > X to its graph in 
Corr°(X, Y). We denote by L the Lefschetz motive L = (Spec k, id, —1). There 
is a canonical isomorphism h(P\) ~ 1 © L. 

When E is a field of characteristic zero, one defines similarly the category A4 k,E 
of fc-motives with coefficients in E, by replacing the Chow groups A by A ®qE. 
Let Ko(M. k E ) be the Grothendieck group of the pseudo-abelian category Aik,E- 
It is also the abelian group associated to the monoid of motives with coefficients 
in E. The tensor product on M. k> E induces a natural ring structure on K (J^A ktE ). 
For m in Z, let F m K (A4 k ^ E ) denote the subgroup of K (Ai kjE ) generated by 
h(S,f,i), with i — dimS* > m. This gives a filtration of the ring K (A4k,E) 
and we denote by KQ(M. k E ) the completion of K (M. k>E ) with respect to this 
filtration. 

Remark 2.1.1. We expect, but do not know how to prove, that the filtration F' 
on K (A4 k E ) is separated. This assertion is clearly implied by the conjectural 
existence (cf. [|l^] p. 185) of additive functors h-i : M.k,E — ► Mk,E, j € Z, such 
that for any X = h(S,f,i) in M.k,Ei the h-^(X) form a filtration of X with 
h^-^X) = 0, h£ 26SmS - x (X) = X, and h^(LX) = Lh^~ 2 (X) for all j. 
In particular, using the existence of weight nitrations, one obtains, without using 
any conjecture, that the kernel of the canonical morphism 

K (M k , E ) — K (M k>E ) 
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is killed by etale and Hodge realizations. 

2.2. We begin by recalling some material from [|]. Let G be a finite abelian 
group and let G be its complex character group. We denote by Vk,G the category 
of smooth and projective fc-schemes with G-action. Let E be a subfield of C 
containing all the roots of unity of order dividing \G\. For X in Vk,G an d g in G, 
we denote by [g] the correspondence given by the graph of multiplication by g. 
For a in G, we consider the idempotent 

f a :=\G\- l ^-\9){9] 

geG 

in Corr°(X, X) ® E, and we denote by h(X, a) the motive (X,f a ,0) in A4k,E- 
We will denote by Sch fc G - the category of separated schemes of finite type over k 
with G-action satisfying the following condition: the G-orbit of any closed point 
of X is contained in an affine open subscheme. This condition is clearly satisfied 
for X quasiprojective and insures the existence of X/G as a scheme. Objects of 
Schfc G will be called G-schemes and in this paper all schemes with G-action will 
be assumed to be G-schemes. 

The following result, proved in [|J as a consequence of results in @ and PI . 
generalizes to the G-action result which has been proved by Gillet and 

Soule and Guillen and Navarro Aznar 0. 

Theorem 2.2.1. Let k be afield of characteristic 0. There exists a unique map 

Xc ■ ObSch fcjG x G — ► K (M kjE ) 

such that 

(1) If X is smooth and projective with G-action, for any character a, 

Xc (X,a) = [h(X,a)}. 

(2) If Y is a closed G-stable subscheme in a scheme X with G-action, for any 
character a, 

Xc(X\Y,a)=Xc(X,a)- X c(Y,a). 

(3) If X is a scheme with G-action, U and V are G -invariant open subschemes 
of X , for any character a, 

X c(U UV,a) = X c(U, a) + Xc (V, a) - X c(U n V, a). 

Furthermore, Xc is determined by conditions (l)-(2). 

2.3. In this subsection we gather some elementary statements we shall need. 

Proposition 2.3.1. Let k be afield of characteristic 0. 
(1) For any X in ObSch^c 

Xc (X) = ^ Xc (X,«). 

a&G 
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(2) Let X be in ObSch^Gi. Assume the G-action factors through a morphism 
of finite abelian groups G — > H . If a is not in the image of H — > G, then 
Xc (X,a) = 0. 

(3) Let X and Y be in ObSch/^G and let G act diagonally on X x Y . Then 

Xc (X xY,a) = J2xc(X,P) ■ Xc{Y,ap- X )- 

(4) Let X be in ObSch^ and let f : G — > H be a morphism of finite abelian 
groups. Then for any a in G, 

Xc(X,a)= Xc(X,P), 

f'W=a 

with f : H — ► G the dual morphism between character groups. 

Proof. Statements (l)-(3) are proven in Proposition 1.3.3 of ||. They are all 
consequence of (4), whose proof is similar : the statement is obvious when X is 
smooth projective, and the general case follows by additivity of Xc- d 

Lemma 2.3.2. Let a be an integer and let fid(k) act on G m ± by multiplication 
by £ a ; £ G Hd(k). For any non trivial character a of fi^k), 

Xc(G m ,fc,a) = 0. 

Proof. This is Lemma 1.4.3 of H. □ 

We now discuss motivic Euler characteristics of quotients. The following lemma 
is well known. 

Lemma 2.3.3. Let X be a smooth projective scheme with G-action, H a sub- 
group of G, and a a character of G/H. Assume the quotient X/H is smooth. 
Then h(X/H, a) ~ h(X, a o g), where g is the projection G — > G/H. 

Proof. This is Lemma 1.5.1 of Q. □ 

In general one has the following result, which was conjectured in [Q and proved 
in [0] by del Bano Rollin and Navarro Aznar. 

Theorem 2.3.4. If X is a scheme with G-action, H a subgroup of G, and a 
a character of G/H, then Xc(X/H,a) = Xc(X, a o g), where g is the projection 
G^G/H. 



Remark 2.3.5. Theorem [2.3.4| is a direct consequence of Lemma |2.3.3| when X 



is a smooth curve or when X is smooth and may be embedded in a smooth 
projective scheme Y with G-action such that the quotient Y/H is smooth, and 
such that Y \ X is the union of finitely many smooth closed G-stable subvarieties 
intersecting transversally and having smooth images in Y/H which intersect 
transversally. 
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2.4. Jacobi motives. We fix an integer d > 1. We denote by fid(k) the group of 
ci-roots of 1 in k and by (d a fixed primitive ci-th root of unity in C. We assume 
from now on that k contains all ci-roots of unity. 
We set 

A d := K (M kmd] ). 

For n > 1, we consider the affine Fermat variety F£ defined by the equation 

xf + h — 1 in A£, and its closure in P£, which we denote by W%. Hence 

W2 is defined in P£ by the equation -X$ H h X* = 0, with Xi = Xi/X , 

i > 1. 

The action of Hd(k) on each coordinate induces a natural action of the group 
fj, d (k) n on F£. Hence, for o>i, . . . , a n characters of fid(k), one defines the Jacobi 
motive J(ot\, . . . , ot n ) as the element 

J(at u ...,«„) := Xc(F2, (ai, ■ ■ ■ ,««)) 

in Ad- It is clear that J (oti, ■ ■ ■ ,ot n ) is symmetric in the ctj's. We also define 
[ot(— 1)] := Xc(x d = — I, a). Remark that [ot(— 1)] = 1, if k contains a ci-th root 
of -1. We will need the following proposition, which is classical in other contexts. 

Proposition 2.4.1. The following relations hold in Ad- 

(1) We have J(l, 1) = L. 

(2) We have J(l,a) =0i/a^l. 

(3) If a ^ I, J(a,a- 1 ) = ~[a(-l)]. 

(4) We have 

J(ai, a 2 )[J(aia 2 , a 3 ) —e] = J(o>i, at 2 , a 3 ) — 5, 

with e = 5 = if at\ai 2 ^ 1, s = 1, 8 — [o>i(— 1)](L — 1), if at\at 2 = 1 a^ci 
«i 7^ 1, and £ = 1, 5 = L ; = «2 = 1- 

Proof. Relation (1) follows directly from Remark |2.3.5| because the quotient of 
the curve Fj by fi d (k) x fid(k) is the affine line A\. 

To prove (2), observe that the quotient of the curve Fj by fi d (k) x {1} is the 
Kummer cover x\ = 1 — xi of the affine line. Hence, by Remark |2.3.5| , J(l, a) = 
Xc(^\, ot), with the natural action of [i d (k) on K\, and the assertion follows from 
Lemma |2.3.2j and Proposition p. 3.1 . 



Let us now prove (3). Observe that, the character a being non trivial, we have 

Xc (F*n{x 2 = 0},(a,a- 1 )) = 0. 
Indeed, this follows for instance from Proposition |2.3.1| . Hence 
J(a,a~ l ) = Xc(Fd \ {x 2 = 0}, (a, a' 1 )). 
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Now we may identify Fj \ {x 2 = 0} with the affine curve u d — v d = — 1; v ^ 0, via 
the change of variable . Taking in account the Hd{k) x ^d{k)- 

action, we get 

Xc {Fj \ {x 2 = 0}, (a, a- 1 )) = Xc ((u d - v d = -1; v ± 0), (a, 1)). 
By Remark ggj , 

Xc ((n d - V d = -1; u ^ 0), (a, 1)) = X c((u d = v - 1; v / 0), a) 

= X c (AL a) - Xc(« d = -1, a) 

= -[«(-!)], 



because x c (A^,, a) = by Lemma |2.3.2| and Proposition p. 3.1 
To prove (4) we will consider the morphism 

/ : Fl x {Fj \ { Vl = 0}) — > Fj \ + ^ = 0} 

given by 

((a?i, x 2 ), (yi, 2/2)) 1 — ► (21 = ajil/i, ^2 = Jc 2 j/i, ^ 3 = j/ 2 )- 

This morphism identifies Fj 5 \ {zf + z 2 — 0} with the quotient of Fj x (Fj \ {yi 
0}) by the kernel T of the morphism /id(/c) 4 — > fid(k) 3 given by (£1, £2, £3, £4) 1 
(Ci^3; £2^3, £4)- It follows from Remark [2.3.5| and Proposition |2.3.1| (3) that 



Xc(F d 2 , (a u a 2 )) ■ Xc(Fj \ {y l = 0}, (aia 2 , « 3 )) 

= x c (Fi \ {zf + z d = 0}, (ai, a 2 , a 3 ))- 

Indeed, / extends to the rational map 



W| x — Wl 



given by 



[Z — XqFq, ^1 — -^1^1) Z 2 — -^2^1, Z 3 — -i^0^2j 



Now let Z and Z' denote respectively the blow-up of Wj x PVj along {X = 
0} x {Y l = 0} and the blow-up of W| along {Z = Z 3 = 0} U {Z x = Z 2 = 0}. 
It is classical (see ]14|]) that / extends to a morphism / : Z 1— > Z', that the 
actions of fid{k) 4 and fid{k) 3 extend to actions on Z and Z' respectively, and 
that / identifies Z' with the quotient of Z by T. (Of course one could also use 
here Theorem [2.3. 4| directly instead of Remark [2.3.5| .) To complete the proof 
of (4), we only have to prove that Xc(F| fl {yi = 0}, (aia 2 ,a 3 )) = e and that 
Xc(F| n {zf + z d = 0}, (ai, a 2 , CK3)) = 5. The first equality is clear since, by 
Proposition [2.3.1| , 

Xc(F d 2 n {yi = 0}, (ai« 2 , a 3 )) = Xc(yi = 0, ai« 2 ) • Xcivt = 1, "3)- 
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To prove the second one, we remark that 

X c{Fj n {zf + z d = 0} n {z! or z 2 + 0}, (ax, a 2> a 3 )) = 

Xc{u d = -1, «i) • x c (G mifc , aia 2 ) • Xc(w d = 1, a 3 ). 

This follows from Proposition [2.3. 1| , by using the change of variable u = Z\z 2 , 



v — z<i and w = z%. The result is now a consequence of Lemma |2.3.2| , since 
Xc{Fl ^ i z i + z d = 0} H {zi = Z2 = 0}, (ai, Q!2, CK3)) is equal to 1 or 0, according 
whether a± and a 2 are both trivial or not. □ 

2.5. We assume from now on that k contains all the roots of unity. When d 
divides d! we have a canonical surjective morphism of groups /v(^) — * Hd{k) 
given by x i— > x d l d which dualizes to a injective morphism of character groups 
V-d{k) ~^ V'd'ik). We set := lim/i (J (fc). We shall identify /x<i(A;) with the 

subgroup of elements of order dividing d in fl(k). 

We denote by F the subfield of C generated by the roots of unity and we set 

A := K (M k , F ) 

and 

A:=K (M k , F ). 

We have a natural ring morphism Ad — > A. When no confusion occurs, we will 
still denote by the same symbol the image in A of an element in Ad- In particular, 
if «i and a 2 are elements of Jl(k) which are images of elements a± and <S 2 of fid{k), 
we denote by J(ai,a 2 ) the image of J(5i,5 2 ) in A, which is independent from 



the choice of d, by Remark |2.3.5| . For a in one defines similarly [a(— 1)] in 
A. 

We will now consider the ring U obtained from the ring A by adding all the Gauss 
sums motives associated to This construction is strongly reminiscent of 

Anderson's contruction of "ulterior motives" |TJ. 

We define U as the free A-module with basis G a , a in fi(k). We define an 
A-algebra structure on U by putting the following relations : 

(2.5.1) Gx = -1 

(2.5.2) G a G a -i = [a{-l)\ L for a^l 

(2.5.3) G ai G a2 = J(«i, a 2 ) G aia2 for a%, a 2 , ai« 2 7^ 1. 

Proposition 2.5.1. T/ie algebra U is associative and commutative. 

Proof. The commutativity is clear and the associativity follows directly from 
Proposition f2.4.1| . □ 
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3. MOTIVIC INTEGRALS OF MULTIPLICATIVE CHARACTERS 

3.1. Let X be a k- variety, i.e. a separated and reduced /c-scheme of finite type. 
We will denote by C(X) the scheme of germs of arcs on X. It is a scheme over 
k and for any field extension k C K there is a natural bijection 

C{X){K) ~ Mor fc _ schcmcs (SpecX[[t]],X) 

between the set of .fT-rational points of C(X) and the set of germs of arcs with 
coefficients in K on X. We will call irrational points of C(X), for K a field 
extension of k, arcs on X, and <£>(0) will be called the origin of the arc (p. More 
precisely the scheme C(X) is defined as the projective limit 

C(X) := hmC n (X) 

in the category of /c-schemes of the schemes £ n (X) representing the functor 

R h-> Mor fc _ schemes (Spec J R[t]/r +1 J R[t],X) 

defined on the category of fc-algebras. (The existence of C n (X) is well known (cf. 
||) and the projective limit exists since the transition morphisms are affine.) We 
shall denote by 7r„ the canonical morphism, corresponding to truncation of arcs, 

tt„ : C(X) — > C n (X). 

The schemes C(X) and C n (X) will always be considered with their reduced 
structure. 

3.2. In 0, we defined the boolean algebra of semi-algebraic subsets of 
C(X). We will refer to 0] for the precise definition, but we recall that if A is a 
semi-algebraic subset of C(X), the image ir n (A) is constructible in £„(X), and 
that for / : X — > Y a morphism of ^-varieties, the image by / of any semi- 
algebraic subset of C(X) is a semi-algebraic subset of C{Y). Both statements 
are consequences from results by Pas ||. 

Let A be a semi-algebraic subset of C(X). We call A weakly stable at level n 6 N 
if A is a union of fibers of 7r n : C(X) — > C n (X). We call A weakly stable if it 
stable at some level n. Note that weakly stable semi-algebraic subsets form a 
boolean algebra. 

Let X, Y and F be algebraic varieties over k, and let A, resp. B, be a con- 
structible subset of X, resp. Y. We say that a map 7r : A — > B is a piecewise 
morphism, if there exists a finite partition of 5 in subsets S which are locally 
closed in Y such that 7r _1 (S') is locally closed in X and such that the restriction 
of 7r to 7i^ 1 (S) is a morphism of k- varieties. We say that a map 7r : A — > B is 
a piecewise trivial fibration with fiber F, if there exists a finite partition of B in 
subsets S which are locally closed in Y such that 7r _1 (S') is locally closed in X 
and isomorphic, as a variety over k, to S x F, with tt corresponding under the 
isomorphism to the projection S x F — > S . We say that the map 7r is a piecewise 
trivial fibration over some constructible subset C of B, if the restriction of 7r to 
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7r _1 (C) is a piecewise trivial fibration onto C . Let X be an algebraic variety over 
k of pure dimension m and let A be a semi- algebraic subset of C(X). We call A 
stable at leveln G N, if A is weakly stable at level n and Hi + \(C(X)) — > 7Tj(£(X)) 
is a piecewise trivial fibration over 7ii(A) with fiber A™ for all i > n. 
We call A stable if it stable at some level n. Note that the family of stable semi- 
algebraic subsets of C(X) is closed under taking finite intersections and finite 
unions. If X is smooth, then A is stable at level n if it is weakly stable at level 
n. 

3.3. We fix an integer d > 1 and assume k contains all d-roots of unity. Let 
/ : X — > G m jfc be a morphism of /c-varieties. For any character a of order d of 
fj>d(k), one may define an element [X, f*C a ] of as follows. 

The morphism [d] : G m ^ — * G mi jt given by rr i— > a; ' is a Galois covering with 
Galois group fid(k). We consider the fiber product 

X f , d ► X 

f 

r [d] , r 

The scheme Xf >d is endowed with an action of fJ,d(k), so we can define 

[X,f*C a ] := Xc(^w,a). 

More generally, if X is constructible in some /c-variety and if / : X — > G mi fe is a 
piecewise morphism, one may define [X, f*C a ] = $^ses[^> /isA*]> by taking an 
appropriate partition 5 of X into locally closed subvarieties, using the additivity 
of Xc- 

The following statement follows directly from the additivity of Xc- 

Lemma 3.3.1. Let X and Y be constructible in some k-varieties, and let f : 
X — > G mt k and g : Y — > X be piecewise morphisms. Assume that g is piece- 
wise trivial fibration with fiber F . For any character a of order d of [x d {k), the 
following holds 

[Y,(fo g yC a }= Xc (F)[X,f*C a ]. □ 

3.4. Let X be an algebraic variety over k of pure dimension m and let / : X — > 
be a morphism of k- varieties. By the very definition of semi-algebraic subsets, 

the set 

{ord t / = i] := {if G C{X) \ ordj o p = i} 

is a semi-algebraic subset of C(X), for any integer % > 0. One defines similarly the 
semi-algebraic subset {ordtf > i}. We will denote by fi the mapping {ord t f = 
i} — > G m) k which to a point ip in {ord f / = i} associates the constant term of 
the series t~ % (f o ip). (Sometimes we shall use the same notation to denote 
the natural extension {ord t f > i} — > A^.) Now let W be a stable semi-algebraic 
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subsets of C(X) which is contained in {ord 4 / = i} for some i. Choose an integer 
n > i such that W is stable at level n. The mapping fi factors to a piecewise 
morphism 

Let a be a character of order d of fid{k), which we also view as an element of fi{k). 
By Lemma |3.3.1| , the virtual motive [7r n (W), fjl^fw^a] L~( n+1 ) m is independent 



of n. So we may define 

/ a(aef)dfM 
Jw 

as the image of 
in A. 



w 

-(n+l)m 



Proposition 3.4.1. Let X be an algebraic variety over k of pure dimension m 
and let f : X — > A\ be a morphism of k-varieties. For any a in Jx(k), there 
exists a unique map 



W i — > / a(&cf)dfi 
Jw 



from Bx to A satisfying the following three properties. 

(3.4-2) IfW& Bx is stable and contained in {ordtf = i} for some i, then 
J w a(ac/)d/x coincides with the image of a(&cf)dfi in A . 
(3.4-3) If W G B is contained in C(S) with S a closed subvariety of X 
with dimS* < dimX, then J w a(ac/)d/x = 0. 

( 3-4-4 ) Let Wi be in for each i m N. Assume that the W{ 's are mutually 
disjoint and that W := UieN W» ^ s semi-algebraic. Then the series 

\J / a(&cf)dfj, 

is convergent in A and converges to J w a(&cf)dfi. 
Moreover we have 

(3.4-5) IfW and W are in B x , W C W, and if f w , a(ac/)d/x belongs to 
the closure F m A of F m A in A, then j w a(acf)dfi belongs to F m A. 

Proof. Completely similar to the proof of Proposition 3.2 of 0. □ 

In the paper ||, we also defined simple functions W — > Z, for W in Bx- A 
typical example of a simple function is the following. Consider a coherent sheaf 
of ideals X on X and denote by ord t X the function ord t X : C(X) ->NU {+00} 
given by ip 1— > min 9 oid t g((f), where the minimum is taken over all g in the stalk 
Zno(tp) °f X at Tr (ip). The function ord t I is a simple function. 
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Hence, for W in and A : W — > Z U {+00} a simple function, we can define 

/ a(acf)h~ x djj : = / a(&cf)dfi~L~ n 
Jw neZ Jwn\- 1 (n) 

in A, whenever the right hand side converges, in which case we say that a(ac/)L _A 
is integrable on W. If the function A is bounded from below, then a(ac/)L _A is 
integrable on W, because of (3.4.5). 

For Y a /c-variety, we denote by Q Y the sheaf of differentials on Y and by Q Y 
the d-th exterior power of Q Y - If Y is smooth and T is a coherent sheaf on Y 
together with a natural morphism 1 : T — > f2 y , we denote by X(JF) the sheaf 
of ideals on Y which is locally generated by functions i{u)/dy with uj a local 
section of T and dy a local volume form on Y, and by oidtJ 7 the simple function 
ord t J(^). 

Proposition 3.4.6. Let h : Y — > X be a proper birational morphism, with Y 
smooth, let W be a semi- algebraic subset of C(X) and let A : C(X) — > N be a 
simple function. Then 

[ a(acf)L~ x dfi = [ a(&c(f oh))L- Xoh - ovdth *^dfi. 
Proof. Follows directly from Lemma 3.4 of ]5[]. □ 



4. MOTIVIC EXPONENTIAL INTEGRALS AND THE MAIN RESULT 

4.1. We set U := U ®aA. We will also consider the subring A\ oc of A generated 
by the image of A in A and the series (1 — Lr n ) -1 , n G N \ {0}. We denote by 
U\ oc the tensor product U ®a A\ oc , which is naturally a subring of U . 

4.2. Let X be an irreducible algebraic variety over k and let / : X — > A\ be 
a morphism of fc-varieties. Let D be the divisor defined by / = in X. By a 
very good resolution of (X, D), we mean a couple (Y, h) with Y is a smooth and 
connected /c-scheme of finite type, h : Y — » X a proper morphism, such that the 
restriction ft, : Y \ h^{D U SingX) -> I \ (D U SingX) is an isomorphism, and 
such that the ideal sheaf T(h* {VL d x )) is invertible (this last condition is of course 
irrelevant when X is smooth), and such that the union of (h^ 1 (D)) re ^ and the 
support of the divisor associated to T(h*(Q, d x )) has only normal crossings as a 
subscheme of Y . Such resolutions always exist by Hironaka's Theorem. 

Let Ei, i G J, be the irreducible (smooth) components of (/i _1 (D U SingX)) re( }. 
Let W be a reduced subscheme of / _1 (0). We call a very good resolution (Y, h) 
of (X,D) a very good resolution of (X,D,W) if (/i~ 1 (W / )) r ed is the reunion of 
some Ei's. 
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Let d be positive integer > 1. We will say d is big with respect to (/, g, W) if 

a(ac/) L-° vdt9 dfi = 



J 7Tn 



' 7 r^ 1 (W)n{ordt/=i} 

whenever the order of a does not divide d. 
The following Proposition will be proven together with Theorem |4.2.4 



Proposition 4.2.1. Le£ X fre an irreducible algebraic variety over k, let f : 
X — > Aj^ and o : X — > A£ 6e morphisms of k-varieties. Let W be a reduced 
subscheme of / -1 (0). Let d be positive integer > 1. Assume there exists a 
very good resolution (Y, h) of (X, fg = 0, W) such that d is a multiple of the 
multiplicities of the Ei ? s in the divisor of f oh onY. Then d is big with respect 
to (f,g,W). 

Definition 4.2.2. Let X be an irreducible algebraic variety over k, let / : X — > 
A^ and g : X — > A\ be morphisms of k- varieties. Let W be a reduced subscheme 
of / _1 (0). For integers 2 > 0, we set 

(4.2.2) I exp(r (m) /)L-° rdt9 d/i : = / L-° rdt9 rf/i 

+ V] Y^—rGa-x [ a(&cf)L-° vdt9 d^ 

aem ~ A - 1 (W)n{ord t /=i} 



in U. The sum is finite since, by Proposition [4.2. 1| , there exists an integer d 
which is big with respect to (/, g, W). 

Remark 4.2.3. The integral ( |4.2.2| ) belongs to U\ oc because of Proposition 5.1 in 
IE! and the definitions in 



If / : X — > A\ and /' : X' — > A^ are morphisms of varieties, we denote by 
/ © /' : X x X' — > Aj(, the morphism given by composition of the morphism 
(/; /') with the addition morphism © : A\ x Ajj; — > A\. 

We can now state the main result of the paper. 

Main Theorem 4.2.4. Let X and X' be irreducible algebraic varieties over k, 
let f : X — > A\, g : X — > A£, /' : X' — > A^ and g' : X' A£ 6e morphisms of 
k-varieties. Let W (resp. W) be a reduced subscheme o//~ 1 (0) (Vesp. / /_1 (0)J. 
For every z > 0, 



(4.2.4) / exp(r (<+1) (/ © /')) L- orcW d/i = 

exp(t-( i+1 V) L-° rdi9 rf/i J • ( / exp(r (m) f) L-° Tdt9 ' 'dfi I . 
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Remark 4.2.5. Of course, by relations ( |2.5.1|) - (|2.5.3| ), ( }4.2.4|) is equivalent to 



the following relations in A\ oc , where, for notational convenience, we will write 
[a; /; g] for the integrand a(ac/) L~ ordt9 dfi, 

(4-2.6) I [ a;/e/ ' ; ^'] = _L^ J2 A^\a 2 r )- 



OL\OL2=OL 



1 



L- 1 



[!;/;<?] ■ / [«;/';</] | +■■ 

TTo^WOnCordt/^} y W7r^ 1 (W)n{ord t /'=i} 



+ (/ [!;/;<?] • / [«;/';</]) + 

'7r - 1 (iy)n{ordi/>i} y yVTr-^M/Oniordt/'^} 

for a 7^ 1 (here • ■ ■ means "same term as before with (W, f, g) and (W, f, g') 
interchanged") and 



(4.2.7) / [l-f®f-gg'}- 

Jwo l (WxW')r\{oi& t f®f'>i} 

' 1 [l-J®f;gg'} 



L- 1 



n^iWxW^nioTdtfef^} 



1 'TrjH^n^rdt/^} y WTr-^iyOniordt/'^} 



L - 1 



'7r ( 7 1 (W)n{ord t />i} l^-l Jvr-^iyjniordt/^} 



Again, the sums are finite by Proposition 4.2.1 



4.3. Proof of Proposition |4.2.1| and Theorem |4.2.4| . Applying Proposition 



3A6| to very good resolutions of (A, fg = 0, W) and (A', /V = 0, W) and 
using additivity of Xc one reduces to the case when A is smooth of dimension 
777-, Xi, • • • , are re gular functions on A inducing an etale map A — » A™, 
f = u ni=i with > 0, (? = f YliLi X T^ with mj > 0, u and t> are units, W 
is the union of the hypersurfaces Xj = 0, for i in / C {1, . . . , r}, and similarly 
with ' for A', /', g' and W. We call this situation the DNC case. 
We denote by F£ the open subvariety of F£ defined by Xi ^ 0, % — 1, . . . n. It is 
stable under the /id(/c) n -action. 

Proposition 4.3.1. Assume d is big with respect to {f,g,W) and (f',g',W). 
For any a in Ji(k) of order dividing d and any integer i > 0, the following relation 
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holds in A, 

(4.3.1) f , [a;f® f';gg'] = V xJj?h K" 1 * 

(Wxw ')n{ord t /®/ '=i} L ,J J ,yyj L-l 

{ord t /=i}n{ord i /'=i} a ia2 =a 

[<*i;f;g] • I / [«2;/';/ 

i/ere we £;eep i/ie same notation for x c (F|, (<xj~ ,0:2 )) and its image in A, and 
ai ana 1 «2 are assumed to be of order dividing d. 

Proof. By Proposition |3.4.6| , one reduces to the DNC case. For i = the result 
is clear, the domain of integration being empty, so we may assume i > 1. Now 
remark that n^iW) n {ord t / = i} is the disjoint union of semi-algebraic sets 

W 7 :={<£> ord^^v?) = 7j}, 

for 7 = (71, ... , 7 r ), with Y7j=i 1j n j = * an d Jj > when j e I. On W 7 we may 
consider the function Xj : W 7 — > G m) fc which to a point associates the constant 
term of the series t~ 1: >Xj((p), for 1 < j < r. Set 



K 



{j e {!,..., r} J 7j >0}. 



The assumptions made imply that is not empty. Now remark that on W 7 , 

with u a unit which is a function of the Xj's for j ^ K only. Hence there exists 
£ > such that 

W, = n-\Z x G* fc ), 
with Z a smooth variety, and such that the restriction of /j to W 7 is equal to 

(u Yl t"*) o n e , 

with -a a unit on Z and tj the canonical coordinate on the corresponding G m ,k 
factor. Let a be the gcd of the n^'s. By using an appropriate torus isomorphism 
of G^ fe and changing Z, one deduces that 

W 1 = Tf[\Z x G m , fc ), 

with Z a smooth variety, and that the restriction of fi to W 1 is equal to (ut a ) om, 
with it a unit on Z and t the canonical coordinate on the G m ^ factor. Now the 
result is a direct consequence of the next Lemma and the following Proposition. 

□ 
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Lemma 4.3.2. With the above notations and assumptions, if the order of a,\ 
does not divide a, then 



I [ai;/;0]=O. 

JW-y 



Proof. It is a direct consequence of Lemma 1.4.4 of |4]] (compare with the proof 
of Proposition 2.2.2 (2) of f§). □ 

Remark that Proposition 4.2.1 follows now directly from Lemma |4.3.2| . 

Proposition 4.3.3. Let u\ : X\ — > Q m ,k and u 2 '■ X 2 — > G m ^ be morphisms of 
algebraic varieties over k. Let a, b and d be mN \ {0}. Assume a and b divide d. 
Denote by (Xi x G m> fc x X 2 x G m> fc)° the complement in X x x G m> fc x X 2 x G m ^ 
of the divisor ofuxtf + u 2 t b 2 . For any character a of Hd(k), 

(4.3.3) [(X, x G m , fe x X 2 x G m , fc )°, {u x tl + u 2 t b 2 )*£ a ] = 

(L - 1) Xc{Fl (arW))[*iXAj[*2,«*C 



« 2 J 



Q J=1 a|=l 



Proof. By definition the left hand side LHS of ( (4.3.3| ) is equal to 

Xc(ui(xi)t1 + u 2 (x 2 )t 2 = w d (x l ,x 2 ,t 1 ,t 2 ,w) E X\ x X 2 x G^ fc , 
Here the action of fid{k) is the standard one on the last G m fc and trivial on the 



other factors. Hence, by Theorem p. 3. 4 



6.6 



LHS = X c u 1 (x 1 ) = v{ , u 2 (x 2 ) = v\ , v\t\ + v\t 



w 



(x u x 2 , h,t 2 , v 1 ,v 2 , w) E X\ x X 2 x G^ fe , (1, 1, a] 

Here the group action is the action of fi a {k) x /^,(A;) x yUd(fc) which is componen- 
twise on the last three G m ^ factors and trivial on the others. Making the toric 
change of variable 

t 2 , Vl ,V2, w) i— > (Ti = ^i«r d/a , T 2 = t; 2 t 2 w- d/6 , vx, u 2 , w), 

this may be rewritten as 



LHS = Xc(u 1 {x 1 ) = < , u 2 (x 2 ) = v\ , Tf + T 2 b = 1 



(xi, x 2 , Ti, T 2 , u ls v 2 , w) E X\ x X 2 x G^ , , (1, 1, a 



By Proposition |2.3.1| (3) and Lemma |2.3.2| one deduces 
LHS = (L-1) [Xi,<£ ai )[X2,vZ£ aa ]Xc(F< 



h (ai 1 ,a 2 1 ) a))- 
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Here the fM a (k) x ^(k) x /i d (fc)-action on is given by 

(6,6,6) : (T 1; T 2 ) ^ (^s d/a Ti,^3 d/b T 2 )- 

The result follows because, by Proposition |2.3.1| (4), Xc(F$, (a7 , a 2 , a)) is equal 
to Xc(F%, (a^ 1 ,^ 1 )) (with the standard ^ a (k) x /i fe (fc)-action) if a\a 2 = a and 
to otherwise. □ 



Proposition 4.3.4. Let X and X' be irreducible algebraic varieties over k, let 
f : X — > A\, g : X — ► /' : X' — > A\ and g' : X' —> K\ be morphisms of 
k-varieties. LetW (resp. W) be a reduced sub scheme o//~ 1 (0) (resp. / /_1 (0) y ). 
Let i > be an integer. 

(1) For any a ^ 1 in fi{k) and any integer j > i, 

■K L (WxW')n{ord t f®f=j} 1 
{ordt/=i}n{ordt/'=i} 

(2) For any integer j > i, 

{ord t /=i}n{ord t /'=i} 

L /^^wxwonfordt/e/'^'}^' f® J '"}- 

{ord t /=i}n{ord t /'=i} 

Proof. As before one reduces to the DNC case and one uses the fact that 

7r 1 (W)n{oid t f = t} 

is the disjoint union of semi-algebraic sets 

W 7 := {(p | ord t a;j(<p) = 7j}, 

for 7 = (7x, . . . ,7 r ), with Y^j=ilj n j = We consider again the functions Xj : 
W 7 — > G m ,fc. On W 7 we may write fi = v W\<j< T x] 3 with v a unit, and similarly 
for /'. Let ip be a point in W 7 . We write 



fc>i 



for 1 < j < r, and 



k>0 



IS 
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for r < j < m. Similar notation is used for (p' in WL. We may assume that 
7i > 1. For t > i, the coefficient of r in f(ip(t)) + f'(cp'(t)) is equal to 



(3) 



ft ■ l' Yl n 'A > ff' ■ '"■ 



where P (resp. P') is a polynomial in the variables akj and Xj (resp. 
and x'j,), with k < £ — i, having as coefficients regular functions in iro((p) (resp. 
7To (<£>'))■ Moreover, since 71 > 1, the polynomial P does not involve the variable 
o-e-1,1 (but might contain the variable 6^-1,2 when 72 = 0). 
Let T e be the locus of ord t (/ © /') > I in tt*(W 7 x W^,) C C t {X x X'), and 
let be the locus of ord 4 (/ © /') > £ in IV From (|), for £ replaced by 
i + 1, it follows that a^.^i does not appear in the equations defining the 

variety T^, and that is the hypersurface of Te defined by equating ([|) to zero. 
Taking the function ([3]) as a new coordinate on Ti, instead of g^-^i, we see that 
~ r^" x A^, with the mapping (/ © f') e : Ti \ — > G m ^ (which is given by 
(|3|)) corresponding to the projection of x G mj fc onto the last factor. Assertion 
(2) follows directly, and assertion (1) is now a consequence from Proposition 2.3.1 
and Lemma |2.3.2j . □ 

We are now able to conclude the proof of Theorem |4.2.4j . Remark first that 

{J(cti, a 2 ) if on 7^ 1 and 02 7^ 1 
— 1 if ai 7^ 1 and 02 = 1 or Qi = 1 and «2 7^ 1 

L — 2 if ai = 1 and «2 = 1. 

If a 7^ 1, relation Q4.2.6 ) follows directly from Proposition 4.3.1 and Proposition 
4.3.4| (1). Assume now a = 1. We set 



[1; /; (?] and Aj := 

/ 7 r^ 1 (W)n{ordt/=i} 

and define similarly a- and For k > i, we also set 



T ( 7 1 (W / )n{ord t />j} 



[!;/;<?] 



Wo 1 (WxW')n{ord t f®f'=k} 
{ord t /=i}n{ordt/'=i} 



[l;f®f;gg']. 



Let us denote by RHS the right hand side of ( |4.2.7| ). 



Since, by Proposition |2.4.1| , Xc{Fd > 
to L 



a, a 



is equal to — [«(—!)] if a 7^ 1 and 



RHS 



2 if a = 1, we deduce from Proposition 4.3.1 the relation 



u A + aid + AiA', 



i<i 



-OiAL 



L-l ' 1 L 

+ + AsA', - 



-dAi 



L-l 



-a,A[ 



-dAi. 
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The left hand side LHS of (|4.2.7|) is equal to 

k<i<£ k<i t<i 

Hence we obtain 

LHS — RHS = ^2 a k,e ~ ^ — j ^ a k,i = ^ &k,l — j — ^—7 ^ «fc,i- 

k<i<£ k<i k<i<£ k<i 

The result now follows, since one deduces from Proposition |4.3.4| (2) that, for 
fixed k and i, with k < i, 

L 1 

/ J a k,e — - — y~T <3fe ' i ' 

5. Motivic Thom-Sebastiani Theorem 

5.1. Let B be any of the rings A\ oc , A, U\ oc , U. We consider the ring of Laurent 
polynomials B[T, T~ l ] and its localisation B[T, T _1 ] rat obtained by inverting the 
multiplicative family generated by the polynomials 1 — L a T b , a, b in Z, b 7^ 0. 
Remark in this definition we could restrict to b > or to b < 0. Hence, by 
expanding denominators into formal series, there are canonical embeddings of 
rings 

exp T : B{T,T-Xt ^ B[T-\T]] 

and 

exp T -i : B[T, r _1 ] ra t B[[T~\T\. 

Here £>[T _1 ,T]] (resp. -B[[T _1 ,T]) denotes the ring of series ^2 ieZ ctiT 1 with 
cii = for i <C (resp. z ^> 0). By taking the difference exp T — exp T -i of the 
two expansions one obtains an embedding 

r : B[T,T-% at /B[T,T- x ] B[[T-\T]], 

where S[[T _1 , T]] is the group of formal Laurent series with coefficients in B. 
Let ip = ^2 ieZ diT 1 and ip — Y^iez ^(^ % ^ e ser i es i n We define their 

Hadamard product as the series 

(p*ip := y^^A T\ 

Proposition 5.1.1. Let ip and if> be series in i?[[T _1 ,T]]. If they belong to the 
image of r, then their Hadamard "product if * if) is also in the image of t. 

Proof. Let Pi and P2 be in B[T, T _1 ] mt . From the formula 

1 rra Tb ,-if L° L 6 



[l-L a T d )(l-L b T d ) v ' \l-L a T d l-L b T d 
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it follows that there exists d in N\ {0} such that, modulo B[T, T -1 ], both Pi and 
P2 are P-linear combinations of elements T r (l — Jj a T d )~ k , with r G N, a G Z, 
G N\ {0}. Thus, modulo P[T, T -1 ], both exp T (Pi) and exp T (P 2 ) are P-linear 
combinations of elements of the form 



g -=J2f{n) L na T nd+r 

neN 



in B[T,T 1 ] ra t, with a G Z, r G N, r < d, and / a polynomial with coefficients 
in Q such that /(Z) C Z. We claim that 



na rpnd+r 



neZ 

Indeed, if /(n) = (^-T^ then £ = ^(l ~ L a T d )" fc , and an explicit calculation, 
using the relation 

k-m- 1\ = ( _ l)k -tfm- 1 

fc-i y 1 ; \k-i 

proves the claim in this special case. Hence the claim holds for any /, considering 
/ as a linear combination of such special /'s. The Hadamard product of elements 
of the form q has again the same form. Thus the claim implies that the Hadamard 
product commutes with r for elements of the form g, which implies the result by 
the previous considerations. □ 

Let us denote by P[[T]] rat the intersection of -B[[T]] with the image of exp T . It 
follows from the above proposition that P[[T]] rat is stable by Hadamard product. 
Let (p = exp T (P) be in P[[T]] rat . We denote by \(<p) the constant term in the 
expansion of exp T _i (P) . 

Proposition 5.1.2. Let if and ip be series in TB[[T]] TSut . Then 

AO*V) = -AO)-A(V). 

Proof. Let us remark that \(ip) only depends upon the class of tp modulo additive 
translation by TB[T]. Hence we may assume there exists P and Q in B[T, T _1 ] rat 
such that exp T (P) = (p, exp T (Q) = ip, exp T _i(P) and exp T -i(Q) belong to 
P[[T -1 ]]. By Proposition |5 . 1 . 1| there exists R in B[T, T _1 ] rat such that exp T (P) = 
(p * if) and exp T _i(P) = — exp T _i(P)exp T _i(Q). The result follows. □ 

5.2. Let X be an irreducible algebraic variety over k of pure dimension m and 
let / : X — > A\ be a morphism. Let W be a reduced subscheme of / _1 (0). We 
set 



Ewj(T) = Y\l exp(r( i+1 )/)d/i 
l>0 l Jn-Hw) 



rj-il 
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in [/i oc [[T]]. For any a in fi(k), we set 

Z W jA t ) = y2\ a{acf)dfi 

i>0 L -'ffo 1 CWOnardt/=i J 

in y4i oc [[T]]. When X is smooth, Zwj, a (T) is equal to the natural image in 
^ioc[Pl] °f fw(f S > a )> w ith notation of ||, setting T = Lr s . Hence it follows 
from Theorem 2.2.1 of J| that Zwj, a {T) belongs to Ai c[[T]] rat . This still holds 



when X is no more smooth by resolution of singularities and Proposition p. 4. 6 
(adapting the proof of Theorem 2.2.1 of Q in a straightforward way) 

We set 

T m 



5 a,W;/ : ~ ^ _ L ^(^,/,a(r)) 



in A. When X is smooth and a is of order d, we defined in Definition 4.1.2 
of ||] an element S a , x of Ad, well defined modulo (L — l)-torsion, for x a closed 
point in / _1 (0), which corresponds to the a-equivariant part of the motivic Euler 
characteristic of nearby cycles. Its image in A is just what we call now S^,, j. 

Remark there is no (L — l)-torsion in A (see also Remark |2.1.1| ). By Theorem 
2.2.1 and Lemma 4.1.1 of j|, S^wf belongs to the image of A, even when X is 
no more smooth, by resolution of singularities and Proposition |3 . 4 . € . 

To deal with vanishing cycles we set <St,w,f = ^twf f° r a ^ 1> anc ^ ^a,wj = 
S twj ~ Xc{W) for a = 1. 

Proposition 5.2.1. The series EwjiT) belongs to t/i oc [[T]] rat and 
\{E WJ {T)) = -L- m £ G a -.St >WJ . 

Proof. By the very definitions, 



'CO = ^ J2 G a -iZ w>f>a (T) + P(T) 



Ewj\ 

I 1 — ! 

with 

d\i. 



p(r) = W d^r-j 

i>0 -'T- 1 (U')n{ord t />j} J7r f 7 1 (H/)n{ord t />0} 

One may write P(T) as 

P(T) = (T — l)- 1 (Z WJA (T) - f dfi) - [ dfi. 

V V 7 r ( 7 1 (W/)n{ord t />0} J Jtt- 1 {W) 

Since it follows from Theorem 2.2.1 of M that Zwj,i(T) belongs to Ai oc [[T]] rat 
and that exp T -i(Zwj,i(T)) belongs to Ai oc [[T -1 ]], we deduce that A(P(T)) = 
-L- m Xc {W). □ 
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Motivic Thom-Sebastiani Theorem 5.2.2. Let X and X' be irreducible al- 
gebraic varieties over k of pure dimension m and ml. Let f : X — > A\ and 
f : X' — > A\ be morphisms of k-varieties. Let W (resp. W) be a reduced 
sub scheme of f~ l (0) (resp. /'~ 1 (0) y ). Then 



Proof. By Theorem |4.2.4j , E WxW rj e f = E W j * E W iji. The series E W j and 



E\y'ji having no constant term, the result follows from Proposition |5.1.2| and 



Proposition 5.2.1. □ 



6. Hodge realization and the Hodge spectrum 

6.1. In this section we will assume k = C. For d > 1, there is an embedding of 
/id(C) in Q/Z given by a i— > a with a(e 27ri//d ) = e 27ria . This gives an isomorphism 
/2(C) ~ Q/Z. We denote by 7 the section Q/Z -> [0, 1). 

A C-Hodge structure of weight n is just a finite dimensional bigraded vector 
space V = © p+g=n V p ' q , or, equivalently, a finite dimensional vector space V 

with decreasing nitrations F' and F such that V = F p @ F q when p + g = n + 1. 
One defines similarly a rational C-Hodge structure of weight n, by allowing p 
and g to belong to Q but still requiring p + q G Z. 

We denote by -K" (MHSc) the Grothendieck group of the abelian category of C- 
Hodge structures (it is also the Grothendieck group of the abelian category of 
complex mixed Hodge structures) and by -Ko(RJVlHSc) the Grothendieck group 
of the abelian category of rational C-Hodge structures. 

The Hodge realization functor induces a morphism H : A — ► JQ)(MHSc) which 
is zero on the kernel of the morphism A — > A by Remark [2.1.1| . Hence we shall 
also write H(A) for A in the image of A by this morphism. 

This morphism may be extended to a morphism H : U — > i^o(RMHSc) as 
follows. For p and q in Q with p + q in Z, we denote by H p,q the class of the 
rank 1 vector space with bigrading (p,q). We set H(G\) = —1 and H(G a ) = 
__g"i-7(«)>7W f or a ^ 1. This is compatible with the relations 2.5.1| - p75^3| since, 
by a standard calculation (see fT4}|), 

^Vj ^ _ _^l-(7( Q i)+7( a 2)~7( Q i+ a 2)),7( a i)+7( a 2)-7(«i+«2) 

when «i 7^ 1, «2 7^ 1 and ctia^ 7^ 1- Similarly as before, since if vanishes on the 
kernel of the morphism U —>■ U, we extend it to the image of this morphism. 

6.2. For X a complex algebraic variety, we denote by MHM(X) the abelian 
category of mixed modules on X constructed by M. Saito in 0, fL0| . In the 
definition of mixed Hodge modules it is required that the underlying perverse 
sheaf is defined over Q. To allow some more flexibility we will also use the 



MOTIVIC EXPONENTIAL INTEGRALS 



23 



category MHM'(X) of bifiltred ©-modules on X which are direct factors of ob- 
jects of MHM(X) as bifiltred ©-modules. We denote by D 6 (MHM(Jf)) and 
D h {MHM.\X)) the corresponding derived categories. 

Let / : X — > Aq be a morphism. We denote by ifif and <pj the nearby and 
vanishing cycle functors for mixed Hodge modules as defined in |TU| and T s the 



semi-simple part of the monodromy operator. One should note that ipf and <pj 
on mixed Hodge modules correspond to 1] and 1] on the underlying 
perverse sheaves. If M is a mixed Hodge module on X we denote by ipf a M the 
object of MHM'(Jf) which corresponds to the eigenspace of T s for the eigenvalue 
exp(27rry(a)). These definitions extend to the Grothendieck group of the abelian 
category MHM'(X). 

For any object K of D 6 (MHM(X)), we denote by Xc(X, K) the class of Rp\{K) 
in i^o(MHSc), where p is the projection onto Spec C. Clearly this definition may 
be extended to D b (MBM'(X)). 

Theorem 6.2.1. Let X be a smooth and connected complex algebraic variety of 
dimension m, f : X — > be a morphism and let %w '■ W > / _1 (0) be a reduced 
subscheme o// _1 (0). The following equalities hold 

H{Siwj) = {-l) m -\ c {W,e w ^ a C H x [m]) 

and 

Proof. When W is a point the first equality is Theorem 4.2.1 of H. The proof of 
the general case is completely similar. The second equality follows directly from 
the first one. □ 



Definition 6.2.2. Let X be a smooth and connected complex algebraic variety 
of dimension m, f : X — > be a morphism and let iw : W / _1 (0) be a 
reduced subscheme of / _1 (0). We set 



.{W,i*wi>f Cf H) = J2 H (G«-i)Xc(W,i* w i>f >a C%[m}) 



and 



Xc (W,i* w <f>fCX[m}) = X;^( G «-0Xc(W;*^Cf [m]). 



We deduce from Theorem 5.2.2 and Theorem 6.2.1 the following Corollary. 



Corollary 6.2.3. Let X and X' be smooth and connected complex algebraic va- 
rieties of pure dimension m and m'. Let f : X — > A^ and f : X' — > Aq be 
morphisms of algebraic varieties. Let W (resp. W ) be a reduced subscheme of 
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f-^O) (resp. f -1 (0)j. Then 

Xc{W x W\i^ xW 4% f ,C% xXI [m + m!\) = 

-UW,i*w<f>fC%[m]) ■ XciW'^ w 4fC H x ,[m']). □ 

Let X be a smooth complex algebraic variety of pure dimension m, let / : 
X —>■ Aq be a morphism of algebraic varieties and let x be a closed point 
of / _1 (0). Let us recall the definition of the spectrum Sp(/, x) given in [jTB 



and [TT[] (which differs from that of [17|| by multiplication by t). Let H be 



a complex mixed Hodge structure with an automorphism T of order dividing 
d. One defines the Hodge spectrum of (H,T) as HSp(iJ, T) = Eopiz""^ e 

Z[£~rf,£d], with n a = dimGr^i^A, for A = exp(27ua) and p = [a], where H\ 
is the eigenspace of T with eigenvalue A, and F is the Hodge filtration. This 
definition extends to the Grothendieck group of the abelian category of complex 
mixed Hodge structures with an automorphism T of order dividing d. Note that 
HSp(H(k),T) = t- k RSp{H,T), where (Jfe) is the Tate twist. We denote by i the 
Z-algebra automorphism of Z[i~d ; £d] defined by i(t~d) = t~d. Now one defines 
Sp(/, x) as 

Sp(/,x) := t m .(^(-l) J HSp(^z:0f Cf [m],T s )). 
iez 



Corollary 6.2.4. Lei X and X' fre smooth and connected complex algebraic va- 
rieties of pure dimension m and m' . Let f : X — > and f : X' — > AJ-, 6e 
morphisms of algebraic varieties. Let x and x' be closed points in / _1 (0) and 
f-\0). Then 

Sp(/ © /', (x, x')) = Sp(/ S x) ■ Sp(f , x'). □ 

Corollary p.2.4| was first proved by A. Varchenko in |19|] when / and /' have 
isolated singularities (see also [0). The general case is due to M. Saito (unpub- 
lished, but see 0, pfl). 
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